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Abstract 

Using the general results on the classification of timelike supersymmetric solutions of 
all 4-dimensional M > 2 supergravity theories, we show how to construct all the supersym- 
metric (single- and multi-) black-hole solutions of = 8 supergravity. 
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1 Introduction 



For the last 20 years, black holes have been intensively studied in string theory and supergravity 
with never-decreasing interest. A large part of effort has been focused on two subjects: the 
construction of the most general black-hole solutions of these theories and the understanding and 
computation of different physical properties, specially the entropy, of the black-hole solutions, 
following the seminal result of Strominger and Vafa [1]. 

The attractor mechanism [2 . 3] has provided a bridge between these two subjects, allowing 
the computation of the entropy and other black-hole properties on the black-hole horizon without 
the knowledge of the complete black- hole solutions, at least in the extremal cases. In theories 
with a very high degree of (super-) symmetry, though, it is not necessary to use this mecha- 
nism and the entropy of the extremal black holes can be determined requiring duality-invariance, 
correct dimensionality and moduli-independence (which is a consequence of the attractor mech- 
anism [3 1). In particular, the entropy of the extremal black holes of A/" = 8 supergravity dH |5l 
was found in L6J to be given by the unique quartic invariant of the £'7(7) duality group. If we use 
the real basis 



for the charges, where the indices i, j = 1, ■ ■ ■ ,8 transform homogeneously under the SL{8, M) C 
£'7(7) and each pair of indices is antisymmetrized (so there are 28 electric plus 28 magnetic inde- 
pendent charges), the quartic invariant is known as the Cartan invariant J^iQ) ^ 



In the complex basis, the quartic invariant is known as the Julia-Cremmer invariant (){Q) JH. 
They are equal up to a sign dH |9l and we will not be concerned with its explicit form. 

Although it has not been proven directljQ, the entropy formula for the extremal black holes 
of A/" = 8 supergravity 



has passed all checks and, in particular, it has been shown to reproduce the entropies of black 
holes of supergravity theories with A/" < 8 (specially J\f = 2) obtained by truncation of A/" = 8. 
For supersymmetric black holes J^i^Q) > and one does not need to take the absolute value. 

One of the main obstructions for proving this formula is our lack of knowledge of the general 
extremal black-hole solutions ofJ\f = 8 supergravity as opposite to our complete knowledge of 
those of the A/" = 2 theories [[lOl HH [HI [T3l Ei • This, and the standard lore that all the 1/8 
supersymmetric (the ones with a potentially regular horizon) black-hole solutions of J\f = 8 are 
supersymmetric black-hole solutions of some of the J\f = 2 truncations of that theory (which 
seems to have been disproven by the explicit examples of [|T5l IT6l ) explains why most of the 
literature on J\f = 8 black holes deals with such truncations. 

'To the best of our knowledge, not even within the FGK formaHsm of |[3]. 
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The supersymmetric black-hole solutions of = 2 supergravity were re-discovered in [|T4l 
among the time-like supersymmetric solutions of the theory, which were found by exploiting the 
integrability conditions of the Killing spinor equations following Tod [17] along the lines of ifTSl . 
The same procedure was followed in f.l9J for all A/" > 2, d = 4 ungauged supergravities, using 
the (almost) A/"- independent formalism of [|20l . but the result, which we are going to explain in 
the next section, looked too complicated to be used in the explicit construction of the solutions, 
in spite to its similarity to the result found in the J\f = 2 case. 

We have recently realized, though, that the results found in [fT9l do permit the explicit con- 
struction of the metric of the most general single and multi- black-hole solutions of ungauged 
J\f = 8 supergravity. The complications are restricted to the explicit construction of the scalar 
fields. Thus, we are going to show how to construct the metrics of the most general black holes 
ungauged J\f = 8 supergravity, but we will not be able to provide a simple algorithm to find 
the scalar fields corresponding to those solution. Nevertheless, the consistency of the formalism 
ensures their existence and there is much that can be learned from the metrics. 

In the next section we are going to summerize the recipe found in [|T9l to construct all the 
timelike supersymmetric solutions of A/" = 8 supergravity and in the next one we are going to 
give the general form of the metric of these solutions, after which we will discuss the black-hole 
case, showing how the entropy formula (11.31 ) arises for supersymmetric black holes and which of 
i?7(7) invariants studied in fl2T1l actually arise in the two-center case. 



2 The timelike supersymmetric solutions of J\f = 8 supergrav- 



According to the results of [T9l, in order to construct a time like black-hole-type supersymmetric 
solution of A/" = 8 supergravity we may proceed as foUowsH: 

1. Choose an x-dependent rank-2, 8x8 complex antisymmetric M/j, These matrices must 
satisfy a number of constraints that are difficult to solve. This implies that, in practice, 
we cannot construct the most general matrices that satisfy them. Nevertheless, with those 
matrices we can proceed to the next step. 

2. The scalars are encoded into the 56-dimensional symplectic vector 



antisymmetric in the local SU (8) indices /, J = 1, ■ • • 8. It transforms in the fundamental 
(56) of Ey(7) (ij indices) and as antisymmetric U{8) tensor (IJ indices). It satisfied 

^We have included in this recipe, to simplify it, the vanishing of the "hyperscalars". 
■'The symplectic product of two vectors {A \ B) is defined by 



ity 




(2.1) 



{A\B) = AmB 



•M 



(2.2) 
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(2.4) 

Using the matrix M/j chosen in the previous step, we define the real symplectic vectors 
7^^andX^^ 

^ ^2:*^ ^ V^jj^ , \M\^ = MuM''. (2.5) 

These two are, by definition, ?7(8) singlets (no f/(8) gauge-fixing necessary) and only 
transform in the fundamental of -£^7(7) . 

3. The components of X are 56 real functions "H*^ harmonic in the Euclidean transverse 
space. 

4. TZ is to be be found from X exploiting the redundancy in the description of the scalars by 
the sections V^^/j0. Even with the knowledge of M/j this is a very difficult step. 

5. The metric is 



ds' = ^''{dt + ujf-e-^''dx\ (2.6) 



where 



e 



- |M|-2 = (7^ I X) = IX'^Tlij - IXijU'^ , (2.7) 



{du)mn — '^^mnp{X \ dpi) , (2.8) 

and can be constructed automatically provided one has been given the harmonic functions 
corresponding to X and TZ(I), quite independently of the construction of these objects 
from Mjj and V^^/j. The same is true for the vector field strengths. 

6. The vector field strengths are given by 

= _ld{TZV) - I {V A dl) , V = ^26"^^ {dt + 00) . (2.9) 



where 

{nMN)^( / \^''), (2.3) 

\ — J1-28X28 U / 

is the skew metric of Sp(56, R) that we use to lower (as above) or raise symplectic indices. 

"^V^^/j uses 56^ complex components to describe just 70 physical scalars. The constraints that it satisfies imply 
a large number of relations between the components. The same is true for the components projected with Mjj. This 
step is equivalent to the resolution of the stabilization equations inAf = 2 theories. 
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7. The Vielbeins describing the scalars in the coset Ej(^j^/ SU{8) PijKL,fi are split into two 
complementary sets: 

PijKL J\mJ^ nJ^ pJ^ Q] -I and Pijkl \mJ^ nJ^ pJ^ q\-, (2.10) 
where we have defined the projectors 

\M[^ ' Jj = ^J-Jj- (2-11) 

All those in the second set have been assumed to vanish from the start, since they would 
lead to a non-trivial metric in the transverse 3-dimensional space, while those in the first 
set can in principle be found from TZ and X, using the definitions of these vectors and of 
the Vielbein and the explicit form of chosen Mjj, setting X*^ = H^'\x) and confronting 
the third step: the resolution of the stabilization equations. 



3 The metrics of the supersymmetric black-hole solutions of 
Af = 8 supergravity 

If we want to construct the most general black-hole solutions of A/" = 8 supergravity, the recipe 
demands a parametrization of the space of all the matrices Mjj{x) that satisfy all the technical 
requirements, which is very difficult to find. 

We have realized, however, that this is a problem that we only need to solve explicitly if we 
want to construct explicitly the scalar fields. If we are only interested in constructing the metric 
(and perhaps the vector fields) all we really need is to assume that the problem has been solved 
and the resulting Mjj(x) has been used to define TZ and X. 

One may naively think that both the explicit form of Mjj{x) and the explicit expression of 
the components V^^ u are needed to set up the stabilization equations and to solve them, finding 
7?. as a function of X. Fortunately, this problem can be reformulated as follows: with a real vector 
in the 56 of £'7(7) , X, we want to construct another one in the same representation which is a non- 
trivial function of the former, 1Z{X). For a single X, there is a unique way of constructing a 56 
from another 56, provided by the Jordan triple product^. Thus, TZ^\I) must be given by 

7e^(X) ~ (X,X,X)*^ (3.1) 

where 

/-T" -7" 'T\ij I'J'ik'J' 'T'lj I i'Tij'T "Tkl 1 ^ijklmnpq'T -7" -7" 

J 2 -'-'kl-'- ~r g-^ -'-kl-'-' ggt^ -'-kl-'-mn-^pq y 

(3.2) 

(T T l'\ — T T^IT LT T T^^ -I —c q-klq-mnq-pq 

y-'-' 1 1 ) ij 2 g-'-ij-'-kl-'- T gQC.ijklmnpq-'- -'- -'- 

^The Jordan triple product of three different 56s is defined only up to terms proportional to the symplectic 
products of two of the three 56s. The ambiguity disappears when we consider them to be equal, since the symplectic 
products will automatically vanish. 



5 



To determine the proportionality factor we must first take into account that we expect the 
71^{I) to be homogenous of first order in X, which requires that we divide (X, X, X) by an -^7(7) 
invariant (to preserve the symmetry properties) homogenous of second degree in X, which can 
only be a/ JiiX)- 

We, thus, conclude that, up to a normalization constant (3 to be determined later, the solution 
to the stabilization equations of A/" = 8 supergravity defined in the previous section is 

which is our main result and allows the complete construction of the metrics of all the supersym- 
metric black holes of the theory. 

Actually, since, as we are going to show in the next section, (3 = 2, IZ^' coincides exactly 
with the Freudenthal dua^ of I^^, which we can denote by 1^^ defined in [|22]| . The Freudenthal 
dual Q enjoys several remarkable properties. Firstly, 

{Q\Q) = 2MQ), (3.4) 
which follows from the property of the Jordan triple product 

{{Q,Q,Q)\Q) = UQ). (3.5) 

Secondly, 

5 = -Q, (3.6) 

which eliminates a possible solution to the stabilization equations (namely 7^^^ = X-^) because 
e~^'^ = {TZ \ I) would vanish identically. 
Thirdly, 

J4(Q) = J4(Q). (3.7) 

Finally, in f23) (where the definition of Freudenthal dual was generalized to all A/" > 2 
theories) is has been shown to be a symmetry of the space of critical points of the black-hole 
potential introduced in [Q. 

Thus, following the recipe, and choosing some harmonic functions H^\x), the metric func- 
tion e"^*^ is always given by 

= /3^/J,{H) , (3.8) 
and the 1-form to is always given by the solution to 

('-^'^)mn ^mnp i^ij^p^ ^ dp^ij^ . (3.9) 



^We thank M. Duff and L. Borsten for pointing out this fact to us. 
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the vector field strengths follow from the general formula and the scalars, as mentioned before, 
cannot be easily recover, even if we now introduce an M/j with all the required properties. This 
is an evident shortcoming of this procedure, but we believe it is compensated by the possibility 
of studying explicitly the general black- hole metric. 

Observe that, as expected, TZm can be obtained from the metric function as 

2^^KX) = ^^. (3.10) 

Furthermore, observe that the expression that we have given for the metric function reduces 
to those found in [|24l| for all the magic J\f = 2 truncations of A/" = 8 supergravity and another 
simple truncation also reduces it to that of the well-known STU model. The solution to the 
stabilization equations of the 4-dimensional supergravities with duality groups of type E7 [|25l 
|26ll23 is also given by an analogous expression. 

In the next sections we analyze what these formulae mean for 1- and 2-center solutions. 

4 Single supersymmetric black-hole solutions 

To study more closely these black-hole metrics it is convenient to introduce the so-called K- 
tensor [|28l l2T1l . which is associated to the completely symmetric linearization of the Cartan 
invariant performed in [|29l (see [l30l for more details): 

JiiQi, Q2, Qs, Q4) = |Tr5i(8,R) {pi ■ g2 ■ P3 ■ 94 + Pi ■ gs • P4 ■ g2 + Pi ■ 94 • P2 • gs + (p ^ g)} 

{[Qi I Q2][Q3 1 Q4] + [Qi I Q3][Q2 1 Q4] + [Qi I Q4][Q2 1 Qs]} 

+ i [PfsL{8,M)lblP2P3P4|| + {P^q) 



(4.1) 

where Tr5i(8 k) stands for the trace of the products of p and q matrices (always one upper and 
one lower index), we have defined, for convenience, the symmetric product 

[Qi I Q2] = -|Tr5i(8,M) [pi ■q2 + {p^ q)] , (4.2) 

and 



(4.3) 



Pf I \PlP2P3P4 1 1 = J,eijklmnopPlPfpTP7 5 

Pf||gig2g3g4|| = ^£'^''^"''"^qitjq2kiq3mnq4op- 

The /C-tensor can be defined by its contraction with four different fundamentals: 

KmnpqQi''Q2''Q3''Q,'^ = Wi, Q2, Q3, Q4) , (4.4) 

and, since J4 is completely symmetric in the four 56s, the K-tensor is also completely symmetric 
in the four symplectic indices 



7 



^MNPQ — '^{MNPQ) ■ (4.5) 

By construction 

JiiQ, Q, Q, Q) = MQ) = KmnpqQ''Q''Q''Q'^ , (4.6) 

and the Jordan triple product can be also written in terms of this tensor as 

(Q, Q, Q)'' = K^'a.pqQ'^Q^Q^ , (4.7) 

so we can write the symplectic vector TZ (13.31) and the metric function e^"^^ (14.91) in the more 
useful form 



- ^ — TOT — ' ^ ^ 



e 



-2U 



/SJKmnpqH^H^HPHQ . (4.9) 



Single, extremal, static (uj = 0) black-hole solutions are associated to harmonic functions of 
the form 

HM ^j^M ^Q^^/Vl^ r^|f|, (4.10) 
r 

where the A^'^ are constants to be determined in terms of the physical constants of the solution. 
This is done by requiring asymptotic flatness and absence of sources of NUT charge and using 
the relation between these constants and the asymptotic values of the scalars (which we do not 
know explicitly). This means that we will not be able to find the general form of these constants. 
Nevertheless, let us see how far we can go. 
Asymptotic flatness implies 

\M^\-^ = {n^\I^) = = 1 , (4.11) 

and requires the normalization 

KmatpqA^A^A^A^ = . (4.12) 
The absence of sources of NUT charge follows from setting = in Eq. (|2.8I) : 

0={A\Q) = Qm {Z^ijM'J) , (4.13) 

where we have used the definition of X, we have also used asymptotic flatness and the definition 
of the central charge matrix of A/" = 8 supergravity 

Zjj={Vij\Q). (4.14) 
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The projection 



1 M^J 

plays the role of central charge for the solutions associated to M^-^ , which projects in the f/(8) 
directions in which supersymmetry is preserved. As shown in flSH, it drives the flow of the 
metric function (but not that of the J\f = 8 scalars). The condition of vanishing NUT charge can 
be written in the form 

N = QmZ^ = 0, (4.16) 

as in an = 2 theory with central charge Z. As we are going to see the mass of the black hole 
is given by the real part of Z^c which coincides with the absolute value (because the imaginary 
part vanishes^ 

M = \Z^\ = ^eZ^ = ^(7^oo I Q) = j=^l3^KMNPQA''A^A''Q<^ . (4.17) 

Taking these conditions and relations into account^, we find that the metric function has the 
form 



(4.18) 

The asymptotic behavior confirms the identification of the mass parameter, which, as all the 
other coefficients of the 1/r" terms in the square root (in particular Ji{Q)), has to be positive 
for the metric to be regular. In the near-horizon limit r — t- 0, the last term dominates the metric 
function and we recover the well-known entropy formula (11.31) setting (3 = 2. The coefficients of 
and do not have a simple expression in terms of the physical parameters. 

5 Supersymmetric 2-center solutions 

Multicenter solutions can be constructed by choosing harmonic functions with several poles, as 
in A/" = 2 theories [fHlO. 



and tuning the parameters A , , Xa,^o the integrability conditions of the equation for u (12.8 



^Entirely analogous expressions have been given in f2A\ for the masses of the black holes of the magic J\f ^ 2 
truncations of Af = 8 supergravity. 

^We will have to impose additional conditions, like the positivity of the mass, to ensure the regularity of the 
metric. 
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(-4|6a) + E ^ ^ =0- (5.2) 

Summing the above equations over a and taking into account the antisymmetry of the symplectic 
product, we find that the constants A, apart from satisfying (14.121 ). also satisfy the condition 
(EH where Q = Ea Qa- 

When these equations are satisfied, oj exists and describes the total angular momentum of the 
multi-black-hole system, just as in the M = 2 cases, since the equations are identical. 

The (square of) the metric function will contain many terms, up to order \x — Xa\~'^- The term 
of order \x — Xc\~^ has the coefficient 

= 2v^Km7vpqA*^A^A^Q« , (5.3) 

which corresponds to the mass that the af^ center if it was isolated. The mass of the solution is 
the sum of these parameters M = Ma. 

The coefficient of I I with m + 77, = 4 is one the five quartic invariants 

listed in [|2T]| for 2-center solutions 



1+2 




— J4 


{Qa, Qa, Qa, Qa) 


= Ja 


(Qa), 


I+l 


= ^MNPqQo^ Qa^ QJ" Qb^ 


' = 41 


[Qa, Qa, Qa, Qb) 






h 




' = J',{ 


[Qa,Qa,Qb, Qb), 






I-l 




= J',{ 


Qa,Qb, Qb, Qb), 






1-2 


= ^MNPQQb''Qb''Qb''Qb'^ 


= J'A 


Qb, Qb, Qb, Qb) , 


= J4{ 


Qb). 



The /+2 1-2 give the contributions of each center to the entropy. 

With more than two centers, other combinations will appear based on the quartic invariant. 
The sextic invariant found in [21] does not seem to occur in these solutions. 



6 Conclusions 

In this paper we have shown how to construct the most general supersymmetric black holes of 
ungauged J\f = 8 supergravity. While it is true that one could have guessed the form of the metric 
function, given by the Cartan quartic invariant, the relation between the harmonic functions and 
the rest of the fields and the equation for the 1-form co would have to be derived by solving 
very complicated equations of motion. This part of the job had already been done in [19] and, 
as discussed in the previous sections, one only had to solve the stabilization equations for the 
theory. Using the knowledge available in the literature we have been able to solve these equations 
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in terms of the unique Jordan triple produc1@, which has allowed us to prove (rather than guess) 
the resuk e"^^ = 2^J^H). 

As we have shown, the general results of [T9l, together with the solutions of the stabilization 
equations allows us to construct any supersymmetric multi-black-hole solution as well. 

It is natural to ask how the extremal non- supersymmetric and non-extremal black holes of 
the theory can be found. 

In a recent paper [|32l it has been argued that all the black holes of a given theory should 
have the same form as functions of some elementary building blocks that are harmonic functions 
in the extremal cases (supersymmetric or not) and linear combinations of hyperbolic sines and 
cosines in the non-extremal cases. These building blocks should transform linearly under the 
duality group (preserving harmonicity or "linear hyperbolicity"). 

In A/" = 2, (i = 4, 5 supergravities, there are natural candidates for these building blocks 
and the conjecture was successfully tested in several examples in the above reference and [[331 . 
Actually, for these theories, it can be shown that this is always the case [l34l[35l[36l[37l[38l . since 
there is always a change of variables from the conventional ones to the building blocks which are 
harmonic in the extremal cases. 

In A/" = 8 supergravity a proof of this kind is not available but we can repeat the arguments of 
[[321 to argue that, at least for single, static black holes, the metric should always have the form 
([2.6[) with w = and e^^^ given by ([4.9[) with (3 = 2 and with the H'^^ given by radial functions 
with different profiles. 

It is clear that more work is necessary to test this possibility which we intend to explore in a 
forthcoming publication. 
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